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ABSTRACT. Let A(n,d) denote the maximum number of codewords in a binary
code of length n and minimum Hamming distance d. Upper and lower bounds
on A(n, d) have been a subject for extensive research. In this paper we examine
upper bounds on A(n,d) as a special case of bounds on the size of subsets in
metric association scheme. We will first obtain general bounds on the size
of such subsets, apply these bounds to the binary Hamming scheme, and use
linear programming to further improve the bounds. We show that the sphere
packing bound and the Johnson bound as well as other bounds are special cases
of one of the bounds obtained from association schemes. Specific bounds on
A(n,d) as well as on the sizes of constant weight codes are also discussed.

1. INTRODUCTION

Let A(n,d) denote the maximum number of codewords in a binary code of length
n and minimum Hamming distance d. A(n,d) is a basic quantity in coding theory.
Lower bounds on A(n,d) are usually obtained by constructions. For a survey on
the known lower bounds the reader is referred to [I2]. For a new asymptotic lower
bound and a survey of previous results the reader is referred to [9].

In this work we consider upper bounds on A(n,d). The most basic upper bound
on A(n,d), d =2e+ 1 or d = 2e + 2, is the sphere packing bound, also known as
the Hamming bound:
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174 BENIAMIN MOUNITS, TUVI ETZION AND SIMON LITSYN

Johnson [T0] has improved the sphere packing bound. In his theorem, Johnson used
the quantity A(n,d,w), which is the maximum number of codewords in a binary
code of length n, constant weight w, and minimum distance d:
271
e (1)-(Cot) An,2e42,2e41)
Zi:O (7;) + = A(;j2e+2,e+l)

In [I5] a new bound was obtained:

2) A(n,2e +1) <

271
(11) - (31 2) A(n+1,2e42,2e42)
s (1) + =2 A(n F1.2e72,672)

(3) A(n,2e +1) <

This bound is at least as good as the Johnson bound for all values of n and d, and
for each d there are infinitely many values of n for which the new bound is better
than the Johnson bound. This bound will be called the improved Johnson bound.
Considering distance 2e 4+ 1 in the last two bounds is not restrictive as we have that
A(n+1,2e +2) = A(n,2e 4+ 1). This result is proved by considering the extended
code, i.e., the code obtained by adding a parity check to each codeword. If an even
parity is added, then the resulting code is an even weight code, i.e., a code whose
codewords have even weight.

For given specific values of n and d, usually, to obtain a good upper bound on
A(n,d) one has to use linear programming [5, 3, €, [T5, [T7].

In this paper we will use a more general approach to obtain bounds on A(n,d).
We will first obtain general bounds on the sizes of codes in any metric association
scheme. We will translate these bounds to the binary Hamming scheme and ob-
tain specific bounds for the binary Hamming scheme. These bounds depend on
the distance distribution of the code and we optimize the bound by using linear
programming.

The rest of the paper is organized as follows. In Section Bl we give the necessary
background needed in association schemes. In Section Bl we present our main theo-
rem that the inner distribution of the holes of the code is uniquely determined by
the inner distribution of the code. This will lead to a sequence of upper bounds
on subsets of the association scheme. We show that the sphere packing bound, the
Johnson bound, as well as other bounds are special cases of one of these bounds.
In Section Bl we derive some values on the number of holes with certain properties
in the binary Hamming scheme . We combine these values with our main theorem
to obtain some new upper bounds in the binary Hamming scheme. These bounds
include some values from the inner distribution of the code. To further improve
these bounds we use linear programming, optimizing the variables from the inner
distribution. In Section B we summarize the new explicit bounds on A(n,d) and
A(n,d,w).

2. ASSOCIATION SCHEMES, CODES, AND HOLES

An association scheme with n classes consists of a finite set X of v points together
with n + 1 relations
Ry, Ry, ..., R, defined on X which satisfy:

e Each R; is symmetric, i.e., (z,y) € R; implies (y,z) € R;.
e For every x,y € X, (z,y) € R; for exactly one i.
o Ry ={(x,z) : x € X} is the identity relation.
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NEW UPPER BOUNDS ON CODES 175

o If (z,y) € Rk, then the number of z € X such that (x,z) € R; and (y, z) € R;
is a constant pﬁj (called intersection number) depending on i, j, k but not on
the particular choice of z and y.

Let T" be a connected graph with v vertices, with no loops or multiple edges, and
let X be the set of vertices. The distance d(x,y) between z,y € X is the number
of edges in the shortest path between z and y. The maximum distance, say n,
between any two vertices is called the diameter of the graph. The graph T is called
distance-regular if, for any z,y € X with d(x,y) = k, the number of z € X such
that d(x, z) =i and d(y, z) = j is a constant pﬁj independent of the choice of z and
y. Clearly, we obtain an association scheme with n classes from a distance-regular
graph with diameter n. This scheme is called a metric scheme.

We also denote p?)i =v; and | X| = v; v; is called the valency of R; and it is the
number of points in X at distance ¢ from any point z € X. It is easy to verify that,
for any association scheme, the following conditions hold:

(4) plo=1 plo=0andp; =0 fori#j.
i .
g Sty = v sty =1k
7=0

Let (X, R) be a metric association scheme with a distance function d(-, -) defined
on a set X, and a set R with n relations, i.e. R = {Ro, Ry, -, Rn}, where
Ri={(z,y) : x,y € X, d(z,y) = i}. By the triangle inequality we have that

(6) pﬁj:O,ifi+j<kori+/€<jorj+k<i.
A nonempty subset C of X is called a code. Let d be the minimum distance of C,
ie., d=ming cec d(cr,c2). C is called an e-code for e = L%J, as it is capable of

correcting e errors; C' is also called an (n, d) code. For a point = € X, d(z, C) is the
distance between z and C, i.e., d(z,C') = min.ec d(z,c). The inner distribution of
C' is the (n 4 1)-tuple of rational numbers {Ag, A1, -+, A}, where

1
A= —|R; N (C x O)|
IC|

is the average number of codewords which are at distance ¢ from any given codeword
c € C. It is clear that Ag =1 and A; > 0, i = 1,2,--- ,n. For any given ¢ € C,
A;(c) denotes the number of codewords at distance 4 from ¢. Thus we have another
useful expression for A;:

(7) > Ai(e) = [Rin(C x O)| = O] A .
ceC

The e-sphere about a point x consists of all points which are within distance e
from x. These points are said to be covered by x. The volume of such a sphere,
V(n,e), is the size of the sphere, i.e.,

e

Vin,e) = Zvi .

=0
For a given e-code C, we define the set of holes H of C to be H = {h € X :
d(h,C) > e}. We will be interested in the case e > 1. The non-normalized inner
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176 BENIAMIN MOUNITS, TUVI ETZION AND SIMON LITSYN

distribution of H is the (n + 1)-tuple of rational numbers {Lg, L1, - , L, }, where
L, =|R;N(H x H)|.

For any given h € H, L;(h) denotes the number of holes at distance i from h.
We can partition X into two subsets H and E, where £ = {x € X : 0 <
d(x,C) < e} and |E| = |C|>27_, v;. Thus, we have

(8) [H| = X\ E|=v—[C])_v=v-|CV(ne).

Jj=0

3. UPPER BOUNDS DERIVED FROM INNER DISTRIBUTION

Let C be an e-code in a metric association scheme (X,R). In this section we
show a method to obtain upper bounds on the size of C. We will prove that the
sphere packing bound, the Johnson bound, and the improved Johnson bound, are
obtained by the new method. Moreover, this method can be applied with various
sets of parameters. Each parameter set will lead to a new bound. Unfortunately,
some of the bounds are weak, but fortunately some bounds can be used to obtain
new bounds on the sizes of codes in some schemes. The bounds are obtained by
computing the sum E?:o qi;L;, where {q;} is any sequence of real numbers, in two
different ways. Different bounds can be obtained by using different sequences.

3.1. THE MAIN THEOREM. In the first theorem we will prove that the inner dis-
tribution of the holes is uniquely determined by the inner distribution of C'. Each
value L;, 0 < i < n, is determined by the valency of the relation R;, the size of X,
the size of C, the size of an e-sphere, the inner distribution of the code, and the
intersection numbers of the scheme.

Theorem 3.1. If C is an e-code of X with inner distribution {A;}1,, then for
each i, 0 <i<mn,

Li =i (v=2|C|V(n,e)) +|CIU(C,i) ,

where

9) UC) =D % > > Phmpl Ak -

k=0 £=0 m=0 j=0
Proof. The number of ordered pairs of points from X at distance i is

(10) |Rlﬂ(X><X)|= Zvi:UUi-
rcX
Since X can be partitioned into two subsets E and H, it follows that X x X can
be partitioned into two subsets £ x E and X x HUH x X.

Therefore, we have an alternative way to compute |R; N (X x X)|.

e Foragivenk, 0 <k <mn,let ¢,/ € C be two codewords such that d(c,¢’) = k.
First, we count the number of pairs (z,z") such that d(c, z) = m, d(¢/,2') = j,
0<m,j <e, and d(z,z’) = i. Clearly, z,2’ € E. For a given ¢, 0 < ¢ < n,
the number of points € E such that d(c,z) = m and d(c/,z) = £ is plzm.
The number of points 2’ € E such that d(z,2') =i and d(¢',2") = j is p! ;.
Hence, the number of pairs (z,2') is >, pé?)mpfd». Thus, the number of pairs
(x,2") such that 0 < d(c,z) < e and 0 < d(d,2') < e is
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€ e n
ko0
DD D bl
m=0 j=0 (=0

Summing on all pairs ¢,¢’ € C, and by using [@) we obtain

1) (RN Ex B =3 A0 >33 0kl =103 33 S pk kA

c€C k=0 m=0j=0¢=0 k=0 £=0m=0 j=0
e One can easily verify that
{(h2) e Hx X : d(h,x) =i} =) v
heH
and for any given sets A, B, D such that B C A
IDN(AxBUBXxA)|=|DN(AxB)|+|DN(BxA)|—|DnN(B x B)|.
Therefore,

(12) [RiN(X x HUH x X)| =2 v — L; = 2|H|v; — L.
heH

From ([[)-([2) it follows that

k=0 £=0 m=0 j=0

The claim of the theorem follows after substituting () in |H| and simple algebraic
manipulations. O

Corollary 1. Let C be an e-code with inner distribution {A;}1_, and let {q;}?,
be a sequence of real numbers. Then

(13) Z qiL; = UZ qiv; + |C| ZqZ U(C,i) =2V (n,e)v;).

where U(C, ) is given by ([4).

2. GENERALIZATION OF THE KNOWN BOUNDS. First, we will prove that some
of the well known bounds in the binary Hamming scheme can be obtained from
Corollary [l Moreover, these bounds are now generalized to any metric association
scheme as our corollary is not specific to any scheme. First, we will give some
general results. For a hole h let NC(h,C,k) be the number of codewords in C' at
distance k from h.

Lemma 3.2. For each i, 0 < i < n, the following holds

e+1
Li=)Y v ZNOhOkZp”
heH k=e+1

Proof. The number of points at distance i from hole h in X is vl The number
of points at distance i from h in E is Y5 . | NC(h,C, k) > i_opF;. Hence, the

number of points at distance i from h in H is v;—> 7% | NC(h, C, k) Yiopf; O
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Given a sequence {¢;}, by using Lemma and (@) we estimate Y . ¢;L; in
the following way.

n n e+i
> aLi=Y_a > |vi— > NCOh.Ck) Zp”
=0 i=0 heH k=e+1
e+1i
=> Zqzvz Zqz > NC(h,C,k) Zp”
heH =0 =0 k=e+1

(14) > (v = ||V (n,<)) (quvl c{qm),

where
e+1
(15) £(C{ai}) = max Zqz > NC(h,C.k) Zp”
=0 k=e+1

By combining ([[3)) and ([[d) we obtain

Theorem 3.3. If C is an e-code with inner distribution {A;}7_, then

v

SE AR T (eX)
Vin,e) + ===gcam

provided £(C,{q;}) is not zero, where £(C,{q;}) is given by {L3) and U(C, 1) is given
by (@)

Lemma 3.4. For any given e-code C' with inner distribution {A;}"_q,

U(C,0) =V (n,e),

(16) ICl <

(17) U(C,1) =V (n,e)vr — pitloers +pitp2h T Ase s

U(C.2) =V(n,eJva — (95011 +P5 e Jer1 — Py Ve

2e+1 +1 +1 2e+1 2e+1
+ (peile(pge 1+p§e ) + (pei2e 1+p632 e)p2e )A28+1
(18) +p§$§2ep§+e2A2e+2 .

Proof. Since Ag = 1, Ay = 0 for 1 < k < 2e, the claim follows by evaluating (@)
using @)-@). O

3.2.1. The sphere packing bound. The sphere packing bound is given in the following
theorem.

Theorem 3.5. For any given e-code C,

(%

< —.
€] = V(n,e)

Proof. The result is obtained by taking the sequence go = land ¢; =0for1 <i<n
in Corollary [ O
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3.2.2. The Johnson bound. The Johnson bound is an improvement of the sphere
packing bound. It was given in [I0] for the binary Hamming scheme and in [7]
for general distance regular graphs. The Johnson bound is given in the following
theorem.

Theorem 3.6. For any given (n,2e + 1) code C with inner distribution {A;}7 ,,

(%

(19) IC] < P~
V(n’ 6) + mathH{NCEh,C,e+l)}

Proof. Let g9 =0, ¢ =1 and ¢; = 0 for 2 < i < n. Since in [[H), ¢; # 0 only for
i:landpf)j;é()onlyfori:l,j:e, and k = e+ 1, by (@), we have

(20) (0 {ah) = pit max INO(h, Cre 4 1)
The theorem is obtained by substituting (7)) and 20) in (IH). O

For the binary Hamming scheme, by substituting
Ager1 < A(n,2e+2,2e+ 1)

and
?ag{NC(h,C,e +1)} < A(n,2e+2,e+1)
€

in (@) we obtain the Johnson bound ).

3.2.3. Improved Johnson bound. The improved Johnson bound is given in the fol-
lowing theorem.

Theorem 3.7. For any given (n,2e + 1) code C with inner distribution {A;}_,,

v
(21) |C| < Vet1+Veq2— !
V(1. €) + e sn NG e I NC T T
where

_ 2e+1 2e+1 2e+1 2e+2
Y= (pe+1,e +pe+2,efl +pe+27e)A28+1 +pe+21eA28+2 .

pet2_petl _pett
Proof. Let go =0, q1 = %, g2 =1 and ¢; =0 for 3 <1i < n. Again,

1,e

since only ¢; and ¢o are nonzero, by ([[H) we have

(22)  E(CAa)) = 5t max (NC(h.Ce + 1) + NC(h,Coe +2)} |
" he
The theorem is obtained by substituting ([7), {I¥), and @2) in ([IH). O

For the binary Hamming scheme we have v = (2::22) (Aget1 + Azet2), Vey1 +

vep2 = (I7F,), and maxpey {NC(h,C e+ 1)+ NC(h,C,e+2)} < A(n +1,2¢ +

2,e + 2). By substituting in ([ZII) we obtain
271

e M) - (o) (Azeq1+Azer2)
(2h) - () (Azey +2)
> im0 (?) + 2 A(:—T—i,2e+2€,e+2) -

(23) IC] <

By substituting Asei1 + Ageta < A(n+1,2e + 2,2e + 2) in ([E3) we obtain the
improved Johnson bound @).
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4. NEW BOUNDS IN THE BINARY HAMMING SCHEME

In this section we will apply Corollary [ to obtain new bounds in the binary
Hamming scheme. In any sequence {¢;} that we have used for the known bounds
the nonzero elements had small indices. Now, we will use sequences in which the
nonzero elements have large indices. We will obtain new bounds on the size of a
code which depend on a few coefficients from inner distribution of the code. For a
more explicit analytic bound we will use linear programming to obtain bounds on
these coeflicients. The “code” which attains the linear programming bound on these
coeflicients might be smaller or larger than the explicit analytic bound. If this is the
case then we will try to improve the analytic bound by using linear programming
again with an additional constraint.

The computations that will be done in this section involve computing some of
the intersection numbers in the binary Hamming scheme. It is easy to see that, for
the binary Hamming scheme,

(ifex) (Z5) if i+ j — K is even,
k 2 2
bij; =
0 ifi 4+ j — k is odd.

4.1. BOUNDS DERIVED FROM INNER DISTRIBUTION. In this subsection we will use
Corollary [l with sequences whose nonzero elements have large indices. First, for
a given t, 0 < t < e, we will compute the number of holes, for which there is a
codeword at distance n — t. Let

K,+={he€eH : NC(h,C,n—1t)=1}

be the set of holes, for which there is a codeword at distance n — t. Note that, for
any hole h € H, we have NC'(h,C,n —t) € {0,1}, where 0 <t <e.

Lemma 4.1. For eacht, 0 <t <e,

e+t e
(24) [Knt] = |C] [ 0ns =D Ani D Dp74
i=0 j=0

Proof. The number of vectors at distance n — ¢t from a codeword c is v,,_;. Similar
to the proof of Lemma B2 Ef;ré Ap—ilc) X5_gpn_y ; is the number of vectors in
E at distance n — t from c. Hence,

e+t e ) e+t e )
Bt = 3 onmt = D Anmile) 3_piTey | =101 | vnme = 3 Anmi D _piTh,
ced i=0 J=0 i=0 =0

O

Theorem 4.2. If C is an (n,2e + 1) code with inner distribution {A;}_, then

271
|O| < (n)(nfe_l_nfej) S (e,n)
€ n e\ e+l etl _ 1le,n
2370 (1) + = D]
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n 7’L—|—1 e—1 e+t
Si(e,n) = Y U(C,i) - (e—|—1)<e+1 e+1 >22An Zan g

i=n—1 t=0 =0

n—|—1
—(e+1)<te+1 e+1>ZAn 121)” e,j

where U(C,n — 1) and U(C,n) are given by {@).

Proof. For any given hole h we distinguish between three mutually exclusive cases:
1. If there exists a codeword ¢ such that n — (e — 1) < d(¢, h) < n then

(25) Ln1(h) + Ln(h) =0 .

2. Assume there exists a codeword ¢ such that d(c,h) = n —e. Without loss
of generality we can assume that h is the all-ones vector and hence c¢ is a
codeword with weight e. Therefore, the all-zeroes vector is not a hole and
there are at most n — e potential holes with weight one. These potential holes
can be covered only by codewords with weight e4+1. On these n—e coordinates
there are at most A(n—e,2e+2,e+1) = [ 2] codewords with weight e+ 1,

+1
each one covers exactly e + 1 potential holes with weight one. Therefore,
n—e

e+ 1J '
3. If there is no codeword ¢ such that n —e < d(c, h) < n then similarly we have

J.

(26) Lna(h) + La(h) = n—e — (e +1)]

(27) Lp—1(h)+Ly(h) >n+1—(e+1)A(n,2e+2,e+1)=n+1—(e+1)|— +1

We sum (ZH), @), and @), over all the holes and use (4 to obtain

Ln-1+Ln=Y (Ln-1(h) +Ln(h) > > [Kn—t| -0+ |Kn_e|- <n—e— (e+ I)L:;fo
heH t=0

n <H|—ij Knt> : (n+1—(e+1)L;"1J>
() ) e

+(2”—C|V(n,e)—|0§((t> %An Zan H)) (n—i—l—(e—i—l)[e—j_lJ) .
By Corollary [l we have
Ly 1+L,=2"n+1)+|C|(U(C,n—1)+U(C,n) —2V(n,e)(n+1))),
and hence

27 (e + 1)L:"1J > (C|2V(n,e)(n + 1) — U(Cyn — 1) — U(C, n) + (:) (n —e—(e+ 1){’; fJ)

—2V (n,e) <n+1—(e+1 > ZAn zan ej<n—e—(e+1)L:;leJ>

e e+t
LS A zzpn b (-l

t=01=0
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= |C|(2V(n, €)(e + 1)L—J +(e+ 1)(6) (n—e B Ln—eJ>

e+1 e+1
~U(C,n—1) = U(C,n) +§E§An Zan tj<"1i—L%J>(e+1)
t=0 =0 € €

+2An zzpn R O e R [Pt )

The theorem follows now by elementary algebraic manipulation on the last formula.

O

Corollary 2. If n is even and C is an (n,3) code with inner distribution {A;}?,
then

277,
IC] <

2n+3_ Sl(l,n) ’

where
Sl(l, TL) = 6(An_3 + An_g) + 3TL(An_1 + An) .

Theorem 4.3. If C is an (n,2e 4+ 1) code with inner distribution {A;}_, then
2n

|O| < 9 Sy (e,n) ’
Zi:O (1) +o— (‘37 A(n+1,2e+2,e42)
where
s O () = (3 Al +1 - e 2+ 2.042)
(‘T A +1,2e +2,e+2) ’
e+ 2 e—2 e+t
Sa(e,n) = Z U(C,i) — <V(n,2)—( 9 )A(n+1,2e+2,e+2>ZZAn Zan b
i=n—2 t=0 =0
_<1+e(n—e)+(e—gl>—(e;2>(A(n+1,26+2,e+2)—A(n+l—e,2e+2,e+2))>
e e+t
X Z ZAn 1an t,j
t=e—11¢=0

where U(Cyn —2), U(Cyn—1), and U(C, n) are given by ([@).

Proof. For any given hole h we distinguish between four mutually exclusive cases:
1. If there exists a codeword ¢ € C such that n — (e — 2) < d(c, h) < n then

(28) Ln—2(h) + Ln—l(h) + Ln(h’) =0.
2. If there exists a codeword ¢ € C such that d(c,h) =n — e+ 1 then

(29) Ln—a(h)+Ly_1(h)+ Ly (h) > (" §+ 1) - (e ‘; 2>A(n—e+1, 2e+2,e+2).
3. Assume there exists a codeword ¢ € C such that d(c,h) = n —e. Without
loss of generality we can assume that h is the all-ones vector and hence c is
a codeword with weight e. Therefore, the all-zeroes vector is not a hole and
there are at most n — e potential holes with weight one and (";e) potential
holes with weight two. A codeword with weight e + 2 covers (632) potential
holes with weight two. There are NC(h,C,n — (e + 2)) such codewords and
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NEW UPPER BOUNDS ON CODES 183

they cover (6*2'2) NC(h,C,n — (e + 2)) potential holes. Similarly codewords
with weight e + 1 cover (e + 1+ (“3'))NC(h,C,n — (e + 1)) potential holes
with weight less or equal two. Note, that if ¢’ € C has weight e + 1 or e + 2
then its support is disjoint from the support of ¢ since d(c, ¢’) > 2e. Therefore,
NC(h,C,n—e—1)+ NC(h,C,n—e—2) < A(n—e+1,2e+2,e+2). Since no
other codewords can cover holes with weight less or equal two, we have that

(30) Lov_s(h)+ L1 (h)+Ln(h) > (” o 1) - (e : 2) Aln—e+1,2e42, e+2) .

4. Tf there is no codeword ¢ such that n —e < d(c, h) < n then similarly we have

(31) Ln_s(h) + Ln_1(h) + Ly (h) > 1+ (”;“ 1> - <6J2“2)A(n+ 1,2¢+2,¢+2).

Similar to the proof of Theorem we sum (28), ), @), and @), over all
the holes, use [24]) to obtain

Lp—2+Lp-1+Ln= Z (Ln72(h) + Lnfl(h) + Ln(h)) >
heH

t=e—1

IC| 26: (( ) %An Zan t]) <(n_;+1)—(e;2>A(n—(e—l),2e+2,e+2)>

v ((-En £)

% <1+ (";1> - (egz)A(n+1,2e+2,e+2)>.

By Corollary [l we have

Ln-2+Ln1+Ln =2" <(" ; o 1) +lc| ( zn: U(C,i) —2vn,e)((" ;r N+ 1))) ,
i=n—2

and hence as in the proof of Theorem we have

2 2 i
2"(6+ )A@M +1,2¢ 42,6 4+2) > [Cl(2V(n, e)(e—; YA +1,2e+2,e+2) - Z U(c

+(n+l) ((n-i-l—e) —(e+2)A(n—(e—l),2e+27e+2)>

e 2 2
e—2 e+t
+;)2)An zan tj<1+n+(2> (G;Q)A(n+1,26+2,e+2)>
e e+t
+ Z ZAn 1an tj 1+€n—6)+(e;1>_(6;2)(A(n+172@+27e+2)
t=e—1:i=0

—A(n —e+1,2e + 2,e +2)))).

The theorem follows now by elementary algebraic manipulation on the last formula.
O
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Corollary 3. If C is an (n,3) code with inner distribution {A;}7, then

2n
Ol < DD Aas) s
G s 2(1,n
2n+2+ A(n+1,4,3) T 3A(n+1,4,3)

where
Sa(1,n) = 12(An—4 + Ap_3) + (3(n — 1) + 6(A(n +1,4,3) — A(n,4,3)))(An_2 + An_1)
+3(n+1)(A(n+1,4,3) — A(n,4,3))An .

4.2. THE LINEAR PROGRAMMING BOUND. One of the most common methods to
obtain upper bounds on A(n,d) is to apply the linear programming bound of Del-
sarte [Bl B]. Likewise, the general technique of linear programming can be used to
bound any combination of the coefficients of the inner distribution as will be done
in the next subsection. We will proceed in describing the method similarly to the
description in Best and Brouwer [3].

Recall that, throughout this section, we only deal with the binary Hamming
scheme. If C' is an (n,2e + 1) code with inner distribution {4;}?,, the non-
normalized dual inner distribution {B;}!", is defined by

(32) By = Z Ai Py (i),
1=0

where

k . .

i\ (n—1i

=200 (5) (:25)

(i) g( Pk
J

is the Krawtchouk polynomial of degree k. It was proved by Delsarte [6] that

Bi > 0 for 0 < k < n. Since the Krawtchouk polynomials satisfy the following

orthogonality relation [TT]

k=0
we have (see [3])
(33) Y _BiPi(k) =YY AP()Pi(k) =Y A > Pu(i)P;(k) =2"4, .
k=0 k=0 i=0 =0 k=0

Since Py (i) = 1 it follows from (B2) that

Byo=>» Ai=|C]|.
=0
Therefore, by B3) and since A; = 0 for 1 < j < 2e, 0 < A4; < A(n,2e + 2,j) for
2¢+ 1 < j < n, we have:
Theorem 4.4.
A(n,2e+1) < |max{Bp}] ,

subject to constraints

n

> By =2",

k=0
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ZBkP ) =0 for 1 <j<2e,

O<ZBkP <2"A(n,2e +2,5) for 2e+1<j<n.

and By, >0 for 0 <k < n.

If C is an even weight code, we can reduce the number of variables and linear con-
straints from n+ 1 to [(n+1)/2], using the following properties of the Krawtchouk
polynomials [I1]:

(34) P (i) = (1) Pi(i)
(35) P.(i) = (=1)FPu(n — ).
Since in the even weight code A; = 0 for odd ¢ we obtain from [B2) and (B2
[n/2] [n/2]

(36) B, = Z A2z n— k 21 Z AQZP]C 22

If n is an odd integer then by B3), @BH), and @) we have

n (n—1)/2 n
2"Ap =Y B;Pi(j) Z BiP:(j)+ Y. B;iPu(j)
j=0 j=(n+1)/2
(n—1)/2 (n=1)/2
= > BiB()+Pn—7) =1+ (1" Y BiP())
j=0 j=0

Similarly, if n is an even integer, then

n (n—2)/2 n
2" Ay =Y B;Pi(j) Z B;jPi(j) + BpjaPe(n/2) + Z B;P(j)
=0 =(n+2)/2

n/2
=(1+(=1Y ZBijo),

where Bj =Bj for 0 <j < (n—2)/2and Bn/z = 5B,/2. Therefore we have

Lemma 4.5. If C is an (n,2e+2) even weight code with inner distribution {A;}7,,
then for any integer k, 0 < k < |n/2],

ln/2)
> BiPy(j) = 2" A,

where B; = B for 0 <j < |n/2] —1 and

~ B,_ if n is odd ,
Blnsa) :{ g /
2

B2 if n is even .
Since any code with even distance can be made an even weight code, we have
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Corollary 4.
A(n,2e +2) < |maz{By}] ,

subject to constraints

ln/2]
Z BypPoj(k) =0 for 1 <j<e,
k=0

ln/2]
0< > BpPy(k) <2" ' A(n,2¢ +2,2j) for e+1<j < [n/2],
k=0
and By, >0 for0<k<|n/2].

In some cases we will add more constraints to obtain some specific bounds as in
@, 8], [T5], ).

4.3. BOUNDS ON A(n,3) DERIVED BY LINEAR PROGRAMMING. CorollariesP and B
do not give an explicit bound on A(n,3). To obtain explicit bounds from these two
corollaries we will use linear programming to find upper bounds on S;(1,n) and
S2(1,n) of the (n,3) code C. Since we now wish to analyze an even weight code, it
follows that we have to take the extended code of C'. Hence, we will have to make
small appropriate changes when we use Corollaries 2 and

Lemma 4.6. If C is an even weight (n,4) code, n = 11 (mod 12), with inner
distribution {A;}7_, then

(37) 64n_3+3(n—1)A,_; < (n— 2)(24—_;)(”4'4) '

Proof. Let C be an even weight (n,4) code, n = 11 (mod 12). Tts inner distribution
{A;}, must satisfy

Ag =1,
Ay =0,
Ap—s+ (A(n,4,3) — A(n — 1,4,3))An—1 < A(n,4,3),
where the values of A(n,4,3) are given by Theorem Bl and the last inequality is
clearly valid for even weight (n,4) codes [2].
Our goal is to maximize 6A4,,_5 + 3(n — 1)A,—1. By Lemma EH it is equivalent
to solve the following linear programming problem:

maximize 6 Z;’l_ol)m Bj (Pu—3(j) + 25 Pu1(4)),
subject to
SO, -
SV Bipy(j) = 0,
S By (Pas(i) + 25 Paca () < =2 2
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and B; >0, for 0 < j < (n—1)/2.

We will solve this linear programming problem by using the simplex method
(we will use the definitions as in [I[3]). We will add a slack variable to convert
the problem into standard form. Denote g(j) = — (Po—3(j) + 251 Po-1(j)) and
f(G) = Pa—3(j) + %52 Py—1(j). The standard form of the problem is:

minimize 6 Z;ZED/Q 9(j)z;

subject to Az =b

and x > 0,
where
1 1 1 1 1 0
A=| R0) PR@1) - P((n-5)/2) P((n-3)/2) P(n-1)/2) 0 |,
f) fa - f((n=5)/2)  f((n=3)/2) fl(n—-1)/2) 1
= (w0, 21, ,$(n,1)/2,x(n+1)/2)T, zj=B;for 0<j<(n-1)/2, and
b=2""1(1,0, =87,
Let
-6 __ 9 -6
(n+1)(n+2)(n—3) (n+1)(n+2)(n—3)
t11 tiz ti3
(n—1)%n —3(n—1)
T=| tor toa tog | = 8(n+2)(n—3) i I(n+2)(n—3) )
l31 t32 133
—(n?—6n—19)n 1 3(n+3)
8(n+1)(n+2) 1 4(n+1)(n+2)

A=TA, and b="Tb. Hence, we have the following linear programming problem:
minimize 6 25161)/2 g9(j)x;

subject to Az =b

and z > 0,
where
n2-—n—14
(n—=3)(n+1)(n+2)
B 1 ec1n -+ cap - C1(n—5)/2 0 0 ti3 ~ L
A= 0 cu -+ ca - Coynosy2 1 0 tog |,b=2""" (e ICE) )
0 e -+ ca -+ C3m-sy2 0 1 33
7L2+7L73
(n4+1)(n+2)

(n42—2k) (n+1-2k) (n—3—2k)

(n+2)(n+1)(n—3) if k is even

Cik =
—(n4+3—2k)(n—1-2k)(n—2—2k . .
: (n+)2()(n+1)(n£3) ) if k is odd
)i ke is even
Cok =

<n—1—%)(2(;@5)—(77:?5—%"+"2> if k is odd
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—k(n—3—2k)(7—6k+6n—2kn+n?)

A(nt2)(nt1) if k is even

C3k =
—(n+3—2k)(n—k)(=7—6k—2kn+n>) .. .
( TR Rt ) if k is odd.

Thus we have the following basic feasible solution:

one1 n?—n-—14 n—1 n?4+n-—3 T
z=2 <(n—3)(n+1)(n+2)’0’0’ ’0’(n—3)(n+2)’(n+1)(n+2)’0)'

We want to show that this solution is optimal. We will use the Optimality Condition
Theorem [13, p. 43]. In our case, the solution is optimal if the following "TH
conditions hold:

(38) t13-9(0) +t23 - g((n —3)/2) +t33 - g((n —1)/2) <0
and
(39) c1k - 9(0) + cax - g((n — 3)/2) + eap - g((n — 1)/2) — g(k) <0,

for0<k<(n-1)/2.

First,
00 =~("3 1), attn =372 = =4, a((n - 1)/2) =0
t13 g(O) + tog g((n — 3)/2) + c33 g((n — 1)/2) = —Z;; <0,

and therefore condition ([BY) is satisfied.

Next, for even k we have

_k(n+1-2k)(n—3—2k)
n+2

c1k - 9(0) + car - g((n = 3)/2) +eap - g((n —1)/2) — g(k) =

)

and for odd k we have

cut-9(0) + ez (= 3)/2) + co - gl(n = 1)/2) — glh) = EMEIZ 2120,

Since n = 11(mod 12), these expressions are not positive and, therefore, condition

B9) is satisfied.
The optimal value of the objective function in the linear programming problem is

e on—1 n? —n—14 S+l 4(n —1) _ onm1(n=2)(n=1)(n +4)
6-2 ((n—3)(n+l)(n+2) ( 3 ) (n—3)(n+2)>_ 2 n+2

which implies

)

(n—2)(n—1)(n+4)
6An73 + 3(71 — I)An,1 S nt D)

O

By linear programming in Lemma L8 the “code” C which attains the maximum
of 64,3+ 3(n—1)A,,_1 has size

n?—n—14 1
Bo = (n=3)(n+1)(n+2) 2= 1 8 32(n+4) ’
n+l+ n+2 + (n+2)(n2—n—14)

2n—1
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By substituting ) in Corollary B for n = 11(mod 12) we infer that

2n71

An-1,3) < ——.
=L)< T
Therefore, we would like to know if a code with size greater than W;};ZWQ -
can exist, subject to the constraints in LemmaEfl Among all codes with size greater
2
than Wmﬂ_l we are interested in those for which 6A4,,_5+3(n—1)A,_1
is maximum.

Theorem 4.7. If m =10 (mod 12) then
2m

A(m,3) <

m+ 2+ 5 (1 + 48(m +5) )

m3+4+8m2+5m—126+(m+3)vmi+10m3+5m2—292m+484

Proof. Let n =11 (mod 12) and consider the following linear programming problem:
(n— 1)/2 . n—1 .
maximize 6 ) " Bj (Po-3(j) + "5 Paa(j))
subject to

E(nol)/2 ;= 277,71,

J

SV Bipy(j) = 0,

n— . n— . n?—n— n—
SV By (Paa(h) + B2 Paa () < =t ont

BO > ( n?>—n—14 —|—7’) 27171
(n—3)(n+1)(n+2) ’

and B; >0,0<j<(n—1)/2,
where 7 is nonnegative parameter.

Again, we will solve this linear programming problem by using the simplex
method. We will add a slack variable and a surplus variable to convert the prob-
lem into standard form. Denote g(j) = — (Po—3(j) + 252 Po-1(j)) and f(j) =
Pn_3(j) + 252 Pn_1(j). The standard form of the problem is:

n— 1)/2

minimize 6 Z g9(j)x;

subject to Az =b

and x > 0,
where
1 1 1 1 1 0 0
A- | 2O P1) - PA((n=35)/2) Pa(n-3)/2) P((n-1)/2) 0 0
fO)  f1) - f((n—5)/2) (("— 3)/2)  f(lr=1)/2) 1 0 [’
1 0 - 0 0 0 -1
T = (20, %1, s T(n—1)/2> L(n+1)/2) T(nt3)/2) > & = Bj for 0 < j < (n —1)/2, and
b=2""1(1,0, =" ((n sy CEs) +T))T
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Analogous to the proof of Lemma Ef we obtain the following optimal basic
feasible solution

n?—n—14
[C=DICESCE

n+42
(n—2)"

0

n—1 0

(n—1)(4n—16—7(n*—3n3—9n>+17n+30))
4(n—4)(n—3)(n+2)

4n®—12n2 —28n4+48+7(n°® —18n% —26n>+17n+26)
4(n—4)(n+1)(n+2)

0
0

Since B; > 0,0 < j < (n—1)/2, it follows that 0 < 7 < (nig)(ni(;)zsgdnﬁ).

The optimal value of the objective function in the linear programming problem
is:

_gn-1 (= D((n = 4)(n —2)(n +4) — 67(n —3)(n + 1)(n +2))
(n—4)(n + 2) ’

which implies

Note that for 7 = 0 the value of the objective function coincides with the one found
in Lemma 0l By substituting 0) in Corollary Bl for n = 11(mod 12) we infer that

2n71

(41) A(n—1,3) < Ty

n+1+ 85467

By linear programming, the “code” C which attains the maximum of 6A4,,_3 +
3(n — 1)A,,—1 has size

7’L2—7’L_14- n—
(42) BO:((n_3)(n+1)(n+2)+T>2 -

It is easy to see that the RHS of #I) is continuous monotonic decreasing function
of 7 and the RHS of [{Z) is a continuous monotonic increasing function of 7 on
. 4(n—4)
the interval [0, TR D) (=25
obtained as long as

2 _ — 14 2n71
(43) n—n tr)ont<
(n—

(n+1)(n+2) n+1+%ﬁ+67(n_2)ﬁ+1) :

]. Therefore, upper bounds on A(n — 1,3) are
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Hence, we maximize 7 in the given interval, such that {3 is satisfied, and obtain

T,
(44)
. 64(n —4)(n +4)

(n—3)(n+1)(n+ 2)(n3 4 5n2 — 8n — 124 + (n + 2)v/n* + 6n3 — 19n2 — 2760 + 772)

Since we are interested in n = 11(mod 12), one can verify that

T €0, (n_B)(n‘ﬁg)zﬁg_%_@] for n > 11. The theorem follows by substituting (@)

in
O
We turn our attention to S2(1,n).
Lemma 4.8. If C is an even weight (n,4) code, n = 10 (mod 12), with inner
distribution {A;}7_, then
n(n—4)An < n(n? —4n + 2) '
2 - 2
Proof. Let C be an even weight (n,4) code, n = 10 (mod 12). Tts inner distribution
{A;}, must satisfy

(45) 124, 4+ (4n — 10)A, 5 +

Ay =1,
Ay =0,
A, > 0.

Our goal is to maximize 124, 4 + (47 — 10)A,_» + 4 A, By lemma ER it is
equivalent to solve the following linear programming problem:

maximize Y772 B; (12Pn,4(j) + (4n —10)Py_s(j) + @Pn(j)),

subject to

andBjEO,forOSjS%.

We will solve this linear programming problem similar to the solution in Lemma
EE8 (a complete solution appears in [16]). The optimal value of the objective function
in the linear programming problem is 2”71%71(712 — 4n + 2), which implies

(n—4)

2 _dn+2
124, 4 + (40 — 10) App_s + 2 nn” = dn +2)

Ay < ——M .
2 - 2
(]

By linear programming in Lemma L8 the “code” C which attains the maximum
of 124, _4 + (4n — 10) Ay _p + "4 A, has size
R 2n—1
By = .
o7 ht2
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By substituting [@3) in Corollary Bl for n = 10(mod 12) we infer that

2n71
An—-1,3) < 1 .
n+2+ g3
Therefore, there is no code with cardinality % Hence, we will search for a
code with cardinality at most M# subject to the constraints in Lemma
(n—1)2-3

. . n—1 . .
Among all codes with the size at most n+2+274, we are interested in those
(n—1)2-3

for which 12A4,,_4 + (4n — 10)A,—2 + MAH is maximum.
Theorem 4.9. If m =9 (mod 12) then

om

4 16(m—1)2
m+ 3+ — 1+
m=—3 m375m2+13m713+\/m6710m5+51m47156m3+427m27594m+297

A(m,3) <

Proof. Let n = 10 (mod 12) and consider the following linear programming problem:
maximize -7/ B, (12Pn_4(j) + (dn — 10)Py_s(j) + Mpn(j))

subject to

and B; >0,0<j <2,
where 7 is nonnegative parameter.
Analogous to the proof of Theorem EZ7 we obtain

(46)

(n—4)

2 _4p42
12454+ (4n — 10)Ap_s + HT nn” —dn+2)

A, < —41(n—2)%(n +2) .

Note that for 7 = 0 the value of the objective function coincides with the one
found in Lemma By substituting @) in Corollary Bl for n = 10(mod 12) we

infer that
2n—1
(47) An—1,3) <

n+2+ G + 87 (-2 (nt2)

By linear programming, the “code” C' which attains the maximum of 124,,_4 +

(4n —10)A,—o + #An has size

o 1 n—1
(48) Bo—(n+2 T>2 )

It is easy to see that the RHS of ([@Z) and the RHS of @) are continuous monotonic
decreasing functions of 7, 0 < 7 < n%rz Therefore, upper bounds on A(n—1,3) are
obtained as long as
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2n71

(49)

B
nt 2 n+2+ g

I g 222

n?—2n—2

Hence, we maximize 7, such that ([d) is satisfied, and obtain 7*,

(50)

*

8

T =

(n+2) (n3 — 8n2 + 26n — 32 + /n® — 1605 + 11607 — 480n3 + 1316n2 — 2176n + 1536) '

Since we are interested in n = 10(mod 12), one can verify that 7 € [0, n%w] for

n > 10. The theorem follows by substituting (&0 in (EI).

O

For the specific details of the proofs of Lemma and Theorem the reader

is referred to [16].

5. SUMMARY OF EXPLICIT NEW BOUNDS

5.1. BOUNDS ON A(n,3). The known upper bounds on A(n, 3) are summarized in

the following table:

2" /(n+1)

A(n,3) <

2" /(n+4)

if n =3 or 7(mod 12)
if n = 11(mod 12)
if n =2 or 6(mod 12)
if n =10(mod 12)
if n = 1(mod 4) 5]
if n = 0(mod 4) 5]

(@M
(%)
@)
@)

Some of these bounds are obtained by using the known bounds on sizes of con-
stant weight codes A(n,4,3) and A(n,4,4) [T4].

Theorem 5.1.
7“%:”
n(n—1)

A(n,4,3) =

n?—2n—2
6
n?—n—8

Theorem 5.2.

A(n,4,4) =

A(n,4,4) < {

if n =0 or 2(mod 6)
if n =1 or 3(mod 6)
if n = 4(mod 6)

if n = 5(mod 6) .

if n=1 or 3(mod 6)
if n =2 or 4(mod 6)
if n = 0(mod 6) ,

if n =5(mod 12)
if n =11(mod 12) .

In Theorem B we have improved the bound for n = 10 (mod 12) and obtain

that
A(n,3) <

271

nt2+ 25y (14

ADVANCES IN MATHEMATICS OF COMMUNICATIONS
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In Theorem LI we have improved the bound for n = 9 (mod 12) and obtain that
277/

n+3+ 4 1+ 16(n—1)2 '
n?—3 n3—5n2413n—13++/n6—10n54+51nt —156n3 +427n2 —594n+297

A(n,3) <

Some specific bounds which were obtained from Theorems EET and are
A(21,3) < 87333 and A(22,3) < 172361 (compared to 87376 and 173015 in [I5]).
By maximizing Si(e,n) defined in Theorem subject to constraints of Theorem
EA and similarly to the arguments in the proof of TheoremEEd we obtain A(24,5) <
47538 (compared to 47998 in [I]]).

5.2. BOUNDS ON A(n,d,w). Our results can be applied to any metric association
scheme. As an example we consider the Johnson scheme. In this scheme X is the
set of all binary vectors of length n and weight w. Without loss of generality we
assume that w < % The distance between two vectors is defined to be the half
of the Hamming distance between them. In this scheme the number of relations is

w + 1. One can verify, that v = (), v; = (V) ("), and pf)j is given by

n
w 7

w—Fk
ko w—Fk k k n—w-—~k
pivﬂ‘%( l )(w—i—l)(w—j—l)(i+j+l—w '

Denote by T'(wi,n1,ws,n2,d) the maximum number of binary vectors of length
n1 + ng, having mutual Hamming distance of at least d, where each vector has
exactly w; ones in the first ny coordinates and exactly wy ones in the last no
coordinates. Tables of the best known upper bounds on T'(wy,n1,ws,n2,d) are
given in [I].

By substituting

rglaglc{NC(h,C,e—i—l)} <T(e+1l,w,e+1,n—w,4de+2)
€

in (@), we obtain the following bound.
Theorem 5.3.

- (ew )(7;71“)*(26;1)2maX{A2e+1} ’
Yo (D) (") + +1T(81111w1e+17n7w,48+2)

A(n,de+2,w) <

where max{As.11} is taken subject to Delsarte’s linear constraints for Johnson
scheme (see [T4, Theorem 12, p. 666] ).

By applying Theorem for e =1 and similarly to the arguments in the proofs
of Theorems E7] and EL9 we obtain the following improvements (the values in the
parentheses are the best bounds previously known [T, [I8]): A(19,6,7) < 519 (520),
A(22,6,11) < 5033 (5064), A(26,6,11) < 42017 (42075).
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